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The dispersion of linear Holstein-Primakoff spin-waves for Heisenberg spin state in triangulated 
Kagome lattice is obtained by Bogoliubov transformation. This Heisenberg model with nine
sublattice system has been proposed by Mekata for the compound CugCb( cpa)e · xH2 0 on 
the basis of experimental results. Because obtained modes have both characters of triangular 
and Kagome antiferromagnetic lattices, remarkable features can be found in the behavior of 
magnons: as well as "the fiat mode" with zero-energy excitation corresponding to that in Kagome 
lattice, two "dispersionless modes" with finite energy appear. Furthermore, we made Monte 
Carlo simulation for this systems in order to discuss spin dynamics. The specific heat and the 
susceptibility is discussed on the basis of the simulation. In particular, we obtain characteristic 
features of spin dynamics are from analyzing averaged distributions of angles between spins. 
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§1. Introduction 
By the theoretical and experimental work on 

spin systems in triangular and Kagome lattices, 
the properties of the non-collinear Neel state 
for antiferromagnetic systems has been made 
clear, in last several years. In addition to this, 
the triangulated Kagome lattice joins with this 
kind of remarkable magnetic systems. 1• Z) Re
cently, Mekata and his coworkers have investi
gated 3- 5) magnetic properties of Cu9Cl2(cpa)6-
xH20. This magnetic system for spin = 1/2 of 
Cu2+ ions is expected to have essential quantum 
effects originating from the frustration of ex
change interactions. In fact, they have pointed 
out that both the ferromagnet1c and antifer
romagnetic properties are observed in experi
ments. As a result, the obtained magnetiza
tion has the tendency of saturating at 0.27 JLB 
for each Cu2+ ion. 

1.1 Compounds 

§2. Present Model 
2.1 Hamiltonian 

The Hamiltonian is, therefore, expressed as 

n 

+JAF (BDn ·BEn+ BEn· BFn + BFn · BDn) 

-IJFI (BPn ·SAn+ BPn · BBn 

+SPn · BDn + Spn · BEn) 

-IJFI (SQn · SBn + BQn ·Ben 

+SQn ·BEn+ SQn · BFn) 

-I hi (SRn ·Ben+ SRn ·BAn 

+SRn · BFn + SRn · BDn)] , 

where JAF > 0. 

(1) 

The structure of this compound is illustrated 
in Fig.l. It shou~d be noted tha~ this structure 
is made by_ pastmg of small tnangles to each 
triangle in Kagome lattice. As mentwned above, 
the exchange interactions ( J AF) between sites 
in pasted small triangles A, B, C, and D, E, F 
are assigned 4• 5) to be antiferromagnetic, while 
the bonds( J F) between spins of original Kagome 
sites P Q, R and sites on pasted small triangles 
are expected to be ferromagnetic. Further, the 
strength of the latter is expected to be relatively 
small in comparison with that of the former. 

2.2 Heisenberg Model 
Here, we adopt the nine-sublattic~ structure, 

which has been proposed on the bas1s of exper
imental work.4 •5l This is shown in Fig.1, where 
arrows mean magnetic moments of spin = 1/2 
of Cu2+ ions. In detail, the spin structure on 
pasted small trian_gles is ~o-called poo Neel con~ 
figuration: the SJ?lll f<;w s1tes. of ongmal Kagome 
lattice has the direction wh1ch maK.es th~ angle 
of 60° to any spin of the pasted small tnangle. 
The classical energy for a unit cell is expressed 
as Eel= -3S2JAF (1 + 2\h/ JAF\) · . 
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The unit cell for this nine-sublattice state 1s 
the rhombus whose sides are u1 and u2 with 
lengths 4a as shown in Fig.l. Here, a is the 
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Fig.l The structure of Cu2+ ions in 
CugClz( cpa)5 · xHzO. The spin configuration 
for Heisenberg model is also shown by arrows 
at Cu2+ sites. The primitive unit cell is the 
rhombus whose sides are u 1 and u2 . The first 
Brillouin zone is also illustrated, in which points 
of r , K and M are shown. 

1 

0.5 

Fig.2 Calculated dispersion for I J F j J AF' I = 
0.5 . The dispersion for r - K - M - K - M
K - r is illustrated. The a and f3 modes of 
lower-group are not degenerate as well as those 
of other groups. 

length of sides for the pasted triangle. 

§3. Spin-Waves 
In the present paper, we calculate linear 

Holstein-Primakoff6) spin-waves for this nine
sublattice system, on the basis of the canoni
cal transformation called Bogoliubov: transf<?r
mation for spin operators expressed m Founer 
transformed forms with wavenumber k. The 
detailed discussion of this procedure has been 
reported in other piblication.7l 

§4. Calculated Results 

Figure 2 presents the calculated results 7 ' B) 
of tlie dispersion in 3-dimensional illustration, 
where IJF/ JAFI = 0.5. The first Brillouin zone 
is also shown in Fig.2. We would like to empha
size that each group is composed of three modes, 
which are assigned by a, f3 and"( modes accord
ing to the Watabe's analy~is9 • :o) proposed. for 
the discussion of magnons m tnangular antifer
romagnets. The a and f3 modes of lower-group 
are not degenerate as well as those of other 
groups. It should be noted that the "( mode 
m each group has no dispersion i~ ~he B~illouin 
zone. This appearance of three . d1~pers1.onless 
modes" is the remarkable behavwr m th1s sys
tem. 

In particular, the 'Y mode for the lower-group 
has no excitation energ:¥.. This mode corre
sponds to "the flat mod-e' of the antiferromag-
netic system on Kago~e latt.ice.11) Character
istic features of these d1spers1?nless mod~s has 
been discussed in connectiOn with the semi-local 
symmetry in this system, as well as the quantum 
effect expressed by the zero-point energy EQ of 
magnons. 7• S) 

§5. Monte Carlo Simulation 
Furthermore we made Monte Carlo simula

tion for this sy~tem in order to discuss spin dy-
namics12) in connection with the behavior of 
the averaged energy and the suscepti_bility. We 
adopt classical rota~or model for spn~s. Each 
"spin" can changed Its angle for the umt of rr/6. 
The averaged energy, specific heat an~ .suscepti
bility can be obtamed from the partitiOn func
tion 

For example, the energy is obtained by 

L::: Ei e-fJE; 

(E)=----Ci __ _ 
Le-fJE; 

i 

1 8Z(HM = 0) 
Z(HM = 0) 8/3 

The specific heat is expressed as 

8 (E) (E2
)- (E)2 

C =. aT = kBT2 

(3) 

(4) 

(5) 
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Fig.3 The obtained averaged energy vs. tem
perature for IJF/JAFI = 0.7. The gradient, i.e. 
specific heat has the peak around kB T I J AF = 
0.4"" 0.8. 

Because the magnetization is given by 

8lnZ 
(M)= 8 ((3H) 

1 8Z 
Z 8 ((3H)' 

we can estimate the susceptibility as follows; 

(6) 

(7) 

X /JAp(N/9) 2 

3 0....----.--~~,.----,.--~---.----. 
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Fig.4 The susceptibility vs. temperature for 
IJp/JAF\ = 0.7. The peak at kBTIJAF = 0.08 
is obtained. 

Considering that we have no external field, we 
use the magnetization for some direction, for 
example, the direction of spin of A site. This 
method on the basis of the estimation for the 
fluctuation is characteristic for the Monte Carlo 
simulation. 

5.1 Results of Monte Carlo simulation 
Figure 3 presents the obtained averaged en

ergy vs. temperature for lhiJAFI = 0.7, in 
which the gradient, i.e. specific heat has the 
peak around kB T I J AF = 0.4 "" 0.8. The 
obtained susceptibility vs. temperature for 
I hi JAFi = 0.7 is shown in Fig.4, where the 
peak at kB T I J AF = 0.08 is obtained. The peak 
structure is clear in comparison with that of spe
cific heat. For the purpose of investigating the 
patterns for spins around the peak of the suscep
tibility at kB T J J AF = 0.08, we show averaged 
distributions of angles between spins for this 
spin system in Fig.5. As for spins A,B and C, 
angles are distributed mainly to 120° and 150°. 
On the other hand, angles between spins of small 
triangles and the origmal Kagom8-lattice foint 
has the tendency of 30°. rather than that o 60°. 
Furthermore, we can see the parallel spins. 

203 



204 Calculation for the Magnetic Properties in Triangulated Kagom&eacute; Lattice 
- The Approach by Spin- Wave Theory and Monte Carlo Simulation-

0.35 

0.3 

0.25 

0.2 

0.15 

0.1 

0.05 

0 
00 

Fig.5 Averaged distributions of angles between spins. The white bars present 
distributions of angles among A, B and C spins, while the black bars denote angles 
between spins of small triangles and the original Kagome-lattice point ( AP, PB, BQ, 
QC, CR, RA) . As for spins A,B and C, angles AB, BC, CA are distributed mainly 
to 120 ° and 150 ° . On the other hand, angles between spins of small triangles 
and the original Kagome-lattice point have the tendency of 30 ° and 60 ° . 

Accordingly we would like to point out that the 
spin moves significantly by the effect of each 
magnetic bond ( J AF, J F) remaining the pattern 
of Neel structure. 

§6. Conclusion 
We made clear the dispersion of magonons for 

Hei~enberg SI?in st~te in triangulated Kagome 
lattice. This He1senberg model with nine
sublattice system had been proposed for the 
co!ilpound CugCh(cpa)6 · xH20. Because ob
tamed modes has both characters of triangular 
and Kagome antiferromagnetc lattices! remark
able features can be found in the benavior of 
magnons. In addition to this calculation for 
magnons, we made Monte Carlo simulation for 
~his syste~s in _order to discuss spin dynamics 
m connectiOn w1th the behavior of the averaged 
em;rgy and susceptib~lity. In particular, charac
tenstlc fea~ur~s of_spm d_ynamics analyzed from 
averaged d1stnbutwns of angles between spins. 

We wish to thank Professor Mekata of Fukui 
University for stimulating suggestions on the ba
sis of his experimental work. 
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