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We have proposed the theory of three-dimensional supercooled metallic liquids and glasses, based on
the gauge invariant Lagrangian with spontaneous breaking. The mean field theory with the replica
method for the three-dimensional glasses is proposed. On the basis of the present theoretical formula,

a qualitative picture of the boson peak is discussed.
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1. INTRODUCTION

Although there are many interesting studies for
the dynamics of supercooled liquids and the struc-
tural glass transition, a satisfactory theory of the
glass transition in supercooled liquid is not yet con-
firmed so far,

In order to understand the glass transition, we
must study the short-range structures of the su-
percooled liquids and amorphous solids. There ex-
ists an important development in studies of the
structures of liquids and amorphous solids. Based
on important ideas by Kleman and Sadoc {1],
it has been proposed that the parameter p(r,u)
in two-dimensional and three-dimensional metallic
glasses is specified by rigid-body rotation, which
are related to gauge fields of SO(3) symmetry
for 82 and SO(4) symmetry for S%, respectively
[2-4]. The computer simulation [5] has shown
that many anomalous fivefold and sevenfold coor-
dinated disks, which can be viewed as microscopi-
cally defined point disclinations, are formed in the
two-dimensional triangular lattice at high temper-
ature. There exist a few dislocations, represented
by 5-7 disclination dipoles in this two-dimensional
system, even at high temperature.

Because the fivefold coordinated disk (the pen-
tagonal disk) is favorable energetically in compari-
son with other excited solitons, the present author
[6-8] stresses that pentagonal disk is one of domi-
nantly excited solitons in the two-dimensional sys-
tem at high temperature, and has proposed the
theoretical picture for these excited solitons based
on the gauge-invariant Lagrangian with sponta-
neous breaking.

Furthermore, adopting fivefold and sevenfold co-
ordinated disks as the frozen hedgehog-like soli-
tions, we have proposed the mean field theory with
the replica method on the two-dimensional glass
system [9, 10].

In the present study, we will introduce a theo-
retical formula based on the gauge invariant La-

grangian with spontaneous breaking, and propose

983

a mean field theory with the replica method for
the three-dimensional metallic glass system. On
the basis of the present theoretical formula, a qual-
itative picture of low energy excitation (the boson
peak) in glasses and supercooled liquids will be dis-

cussed.

2. A MODEL SYSTEM FOR FROZEN
HEDGEHOG-LIKE CLUSTERS IN TWO SPA-
TIAL DIMENSIONS

We will investigate two-dimensional glass by us-
ing frozen excited disk, such as the anomalous 5-
and 7-coordinated disk. It has been shown that
the curvature can be represented by using a com-
ponent in the other-axis are z and y ones. That
is, it is preferable we think of the anomalous disk
as the hedgehog-like soliton (defect), taking ac-
count of the curvature. We adopt the parame-
ter field p(r,u) = p*(a = 1,2,3), which is similar
to that in the Sachdev and Nelson model [4]. &t
is furthermore agsumed that the symmetry of the
gauge fields A7, which introduce the curvature of
the hedgehog-like soliton, are extended from SO(3)
to SU(2). It is thought that the SU(2) triplet
fields, Aj;, are spotaneously broken through the
Higgs mechanism similar to the way in which the
6-coordinated symmetry in the triangular lattice is
broken around the anomalous 5- and 7-coordinated
disks. In other words, in order to introduce the
cluster with some radius in this system in the
gauge-invariant formula, we must use the Higgs
mechanism. If the 5-coordinated disk is formed,
we set the symmetry breaking of the triplet field,
{0p*10}, equal to (0,0,v). On the other hand, if
the 7-coordinated disk is formed, we set symmetry
breaking, (0}p%|0), equal to(0,0, —v). Then we can
introduce the effective Lagrange density:
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where |m/| is vg and |my| is 2v/22v. The effective
Lagrangian, L.rs, represents two massive vector
fields, A}, and Ai, and one massless vector field,
Ai. Because these masses are formed through
the Higgs mechanism by introducing the 5- and 7-
coordimated disk, the gauge fields A}, and Af, are
only present around the disks. The inverse, 1/|m|,
of the mass of A}, and A2 reflects the radius of
cluster. Since the U(1) gauge field Ai is massless,
it is thought that the gauge field Af, mediates the
long-range interaction between two excited disks
(the hedgehog-like solitons).

3. A MODEL SYSTEM FOR FROZEN
HEDGEHOG-LIKE CLUSTERS IN THREE SPA-

TIAL DIMENSIONS

We shall introduce a field-theoretical model to
treat three-dimensional liquids and glasses by us-
ing excited clusters (solitions). It has been pro-
posed that the parameter p(t, 7, u) = p(t, z,y, z, u)
in three-dimensional liquids and glasses is speci-
fied by the rotation, which is related to the gauge
fields of A% for SO(4) symmetry for S* [4]. It
has been required that the curvature can be repre-
sented by using a component, 4, in the other-axis
direction, when the three spatial dimensional axis
are z, y and 2 ones. It is preferable that we think
of the anomalous density fluctuation in the three-
dimensional liquids as the hedgehog-like fluctua-
tion (cluster), taking account of the curvature. We
adopt the parameter p(r,u) = p® (a =1,2,3,4),
which is similar to that in the Sachdev and Nelson
model {4]. The SO(4) quadruplet fields, A% are
spontaneously broken through the Higgs mecha-
nism similar to the way in which the fluid host is
broken around the hedgehog-like fuctuation (clus-
ter) [11]. When the hedgehog-like cluster (soliton)
is created, we set the symmetry breaking of the
quadruplet fields, (0(p|0), equal to (0,0,0,v4).

Now we introduce approximately the Lagrange
density as follows,

1 a a ¢
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Then we set the symmetry breaking as follows,
p* = (0,0,0,u4) + (p*,6%,0%,0%) .

Thus we can introduce the effective Lagrange den-
sity,
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Where m; is v4 - g and ma is 22\ - vg.

The effective Lagrange density, L.sy, represents
three massive vector fields AL, Az, and Af‘, and
one massless vector field Aﬁ. Because these masses
are created through the Higgs mechanism by intro-
ducing the hedgehog-like clusters (solitions), the
gauge fields A, Az, and Az are only present
around the clusters. The inverse, 1/|m|, of the
mass of A,l“ A,z,, and Ai reveals approximately the
radius of the clusters.

Since the gauge field A}, is massless, it is thought
that the gauge field Aﬁ mediates the long-range in-
teraction between two excited clusters (the hodge-
like solitions).

4. THE HEDGEHOG-LIKE CLUSTERS AND
THE BOSON PEAK

In glasses and amorphous materials, one ob-
serves the thermal conductivity plateau at ~ 10K
and the low energy broad peak observed in Raman
and neutron scattering [12], the so-called boson
peak. It is thought that vibrational states respon-
sible for the boson peak contribute also to the ther-
mal conductivity platean, because the energy range
spanned by the plateau covers that for the boson
peak spectra, indicating that acoustic excitations
must cease to propagate when their wavelength A
reaches the n m range [13]. That is, acoustic modes
may cross over to strongly localized modes satisfy-
ing the Ioffe-Regel condition. By a computer sim-
ulation of a soft sphere glass, it is found that there
are (quasi-) localized modes with effective masses
ranging from 10 atomic masses upwards, which is
much related to the boson peak [14].
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In the present theoretical formula, the effective
Lagrangian density L.fs in eq. (2) represents cer-
tainly three massive vector fields A}‘, Ai, and A,P_’“
which are localized within the radius, ~ 1/|m|,
around the hedgehog-like clusters. Thus it is sug-
gested that the localized gauge fields A}“ Ai, and
A% around the hedgehog-like clusters (solitions)
are much related to the (quasi-) localized modes
of the boson peak.

It should be noted that localized modes around
the hedgehog-like clusters (solitions) are required
naturally through the gause invariant condition in
the present theory.

5. THE MODEL FOR THREE-DIMENSIONAL
METALLIC GLASSES

Now we can define the topological number g for
excited hedgehog-like solitions as follows [15],

1
9= 53 /s _ dSucuvasTr [4h4545] . @

where S? is a sphere, whose radius is much larger
than 1/|m|. If a sphere $* surrounds completely
one hedgehog-like cluster (solition), whose cen-
ter position is 7, its topological number is rep-
resented as ¢;. When the hedgehog-like solition
(monopole-like cluster) is located at the position
v = (@55,%) and | — 5] > 1/m| is as-
sumed, the gauge field A (ri,7;) at the position
r; = (i, ¥i, 2:) Is represented as follows [16, 17),

g
Ire = 751

Ap(ri,ry) o

Thus the interaction energy Vi; between two
hedgehog-like solitions at the position r; and r;

isoc L 93
Irs = 75l
When the system is cooled rapidly through the
glass transition, many hodgehog-like solitions are
frozen randomly.

In this system we can introduce approximately
the Hamiltonian as follows,

H=) Vy
(i)
For the mean field approximate, it is assumed that
Vi; describes n hedgehog-like solitons interaction,
which is mediated by the massless Aﬁ field, in pair
(3,7) via infinite-range Gaussian-random interac-
tion for simplifying of discussion,

1 "V;?
P(Vij)=(zw(%)uzexp(zm?) -0

Now we can evaluate the properties of the three-
dimensional metallic glasses from the analogy of
the analogy of the Sherrington-Kirkpatrik (SK)

formalism [18] by using the Hubbard-Stratorovitch
transformation as follows,

or = - gt o { e (251),
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where we set kg =1, 8=1/T, and V = , /N(V?j)
which is the Gaussian average of Vj; in eq. (4).
and 3 are replica indices. M° and Q°” are integral
variables for the Hubbard-Stratorovitch transfor-

mation. Then we can simplity 8f in the method.

of steepest descent and replica symmetry condition
as follows,

Bf = -3BV7a-6y

log{z coshﬂf/"\/éz}dz , (D

where G = (qf'qfK ) = Q%P, (qf‘qﬁ3 ) represents the
canonical average with weight of

exp | BV Y g8 el Q>
(aB)
We can estimate G self-consistently from 8f/0G =
0 as follows,

o0
G=—

o exp (—%zz) tanh? (BVVGz)dz

(8)

In the temperature region below T, = V/IcB, we
can obtain the phase of G = (¢?'¢°) = Q*# # 0 and
{¢¢") = 0. It is thought that this phase corresponds
to the thres-dimensional glass.

More exactly we must treat this system in the
replica symmetry breaking condition. We can de-
fine the order parameter G = j;)l dzQ(z), where
Q(z) is Parisi order parameter and is derived from
Q@°?, in Parisi’s theoretical formula [19, 20}. In the
temperature region below % /kp,we got the phase
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of the order parameter G # 0 and (¢f*) = 0, which

corresponds to the glass phase.

6. CONCLUSION

The order parameter G(G) is introduced by us-
ing the topological number of the frozen hodgehog-
like soliton in the three-dimensional system. On
the basis of the present theoretical formula, a qual-
itative picture of the boson peak is proposed. In
the mean field theory with the replica method, the
phase of the order parameter G(G) # 0, which
corresponds to the glass phase, is obtained in the

temperature region below 1% /kB.
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